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' We study chiral SU{N) supersymmetric gauge theories with mat- 

ter in the antifundamental and antisymmetric representations. For 
^ , SU{5) with two famihes, we show how to reproduce the non-perturba- 

^ I tively generated superpotential, and we discuss dynamical supersym- 

metry breaking purely in terms of the Konishi anomaly. We apply the 
same technique in general to SU{N) with one family. We also briefly 
comment on the chiral ring for these theories. 



1 Introduction 



In the context of A/" = 1 supersymmetric gauge theories, a very interesting 
possibihty is to break supersymmetry by non-perturbative dynamics. How- 
ever, dynamical supersymmetry breaking is only possible in a restricted class 
of theories, the so-called chiral theories, i.e. those with a matter content 
which does not allow to write a mass term for all matter fields. Chiral theo- 
ries with gauge group SU{N) are the most well-known examples of theories 
where dynamical supersymmetry breaking can occur. 

That dynamical supersymmetry breaking does occur in a number of chi- 
ral theories has been convincingly argued some time ago |1, 2^. The two 
lines of arguments put forward are the following. One can determine the 
non-perturbatively generated superpotential by symmetry arguments, and 
show that together with the tree-level superpotential it does not lead to 
an extremum pp. Alternatively, one can use the Konishi anomaly rela- 
tions [S] to prove that in a supersymmetric vacuum the gluino condensate 
S = —-^^trW^Wa must vanish, and then show with a one-instanton calcu- 
lation that 5* is actually non-zero in the vacuum j2], thus contradicting the 
assumption of a supersymmetric vacuum. 

The object of the present paper is to discuss dynamical supersymmetry 
breaking by using the Konishi anomaly to determine the non-perturbative 
piece of the effective superpotential. If such a term is non-zero, one can then 
see whether the addition of a tree level superpotential leads to a supersym- 
metric vacuum or not. If, on the other hand, there is an insufficient number 
of gauge invariants, the Konishi relations typically lead to a vanishing gluino 
condensate S. One then has to resort to the arguments of Ej for the case 
where no non-perturbative superpotential is expected, which point towards 
a strongly coupled non-supersymmetric vacuum. 

Although the introduction and use of the generalized Konishi anomaly 
j3] has recently led to some new insight in the dynamics of A/" = 1 gauge 
theories, we only make use of the original Konishi anomaly. In one instance 
we can use a slight generalization, which leads however only to a classical 
relation (as in 5J for SQCD with baryonic deformations). We use a simplified 
version of the method outlined in 0, where it was applied to one particular 
chiral theory (which does not have dynamical supersymmetry breaking) . For 
a related discussion see f^. 

The generalization of the Konishi anomaly seems non-trivial for these 
theories which do not have a matter field in the adjoint like in jlj (or at least 
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in a real representation with two indices, see [S]). Similarly, for the same 
reason (and because of the impossibility to write mass terms for the matter 
fields) it seems difficult to have a matrix model formulation of the chiral 
theories in the spirit of [3 . 

In the following, we will consider first of all the SU (5) gauge theory with 
2 families of chiral matter in the 10 and 5 representations, which is the most 
celebrated chiral theory where dynamical supersymmetry breaking occurs at 
arbitrarily small coupling. We then proceed to consider more generally the 
SU{N) theories with one antisymmetric and — 4 antifundamental (i.e. 
one family), which can have a supersymmetric vacuum for even while 
they break supersymmetry dynamically (but at strong coupling) for odd. 
Finally we show that for odd and one family the chiral ring is generated 
only by the glueball superfield and by the basic invariants. 

2 SU (5) chiral gauge theory with two famihes 

The matter content of this SU (5) gauge theory is given by 2 fiavors of anti- 
fundamentals and 2 fiavors of antisymmetric tensors T^^ ^ |2] . The matter 
content is of course such that the gauge anomaly cancels. The global sym- 
metries of the theory are at the classical level SU{2)p x SU{2)t x ?7(1)^ x 
U{1)t X U{1)r. At the quantum level, the f/(l)s are anomalous, but 2 
anomaly-free combinations can always be found. We refrain from proceed- 
ing further on the analysis of the U{1) charges since the Konishi anomaly 
approach is precisely a systematic way to obtain the results of that analysis. 

There are 6 independent gauge invariants one can build from the matter 
fields: 



where ehcdef, ejj and e^^ are the Levi-Civita invariant tensors of SU (5), SU (2) p 
and SU{2)t respectively. 

The above 6 invariants parameterize the 6 dimensional moduli space of 
the theory. In a generic point on the moduli space the gauge group is totally 
broken, consistently with the counting that the 24 gauge bosons eat up 24 out 
of the 30 matter fields, leaving 6 massless singlets representing the classical 
fiat directions which satisfy the D-fiatness conditions (see [TTj for a complete 
parameterization of the solution of these conditions). 




(1) 

(2) 
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Note that can be considered as a 2 x 2 matrix, and hence det X is a 
gauge and flavor symmetry invariant of mass dimension 8. 

According to [T], a tree-level superpotential Wtree = ^Yi lifts all classical 
flat directions and, together with the non-perturbatively generated superpo- 
tential, leads to dynamical supersymmetry breaking at a scale controlled by 
the coupling v. 

Here we wish to consider a more general tree-level superpotential given 

by: 

Wtree = tifiX + U%. (3) 

This is not a renormalizable superpotential, though the flrst term can be 
easily generated by integrating out some massive non chiral matter, as is 
present in supersymmetric grand unifled models. 

Let us flrst briefly consider a generalization of the Konishi anomaly which 
boils down to the classical equations of motion. For the anomalous one-loop 
piece of the relation to be trivially zero, one needs the variation of the fleld 
to be independent of the fleld itself. It is straightforward to convince oneself 
that the only non-trivial variation satisfying the above requirement is the 
following: 

SFl = p^'hakcdeTt'Tf'^ 5T^'> = 0. (4) 
Acting on the invariants, the variation above gives: 

5X1 = 0, 5Y, = -2p'^h,,er,Xl (5) 

We have used the fact that there is no gauge invariant built out of 5 Ts, 
and that the only gauge invariant built out of 1 F and 3 Ts is in the 2 of 
SU{2)t-, and thus is X. Using now the tree-level superpotential, we see that 
in a supersymmetric vacuum we must have: 

v^Xi = 0. (6) 

This means that as soon as the coupling to the Yi invariants is turned on 
at tree-level, the only supersymmetric vacua can occur at zero value for the 
XI invariants. This is going to be crucial for the determination of dynamical 
supersymmetry breaking. 

We now turn to determine the "canonical" Konishi anomaly relation, that 
is the anomaly associated to the currents generating the variations SF^ = ^jFj^ 
and 6T°''' = x^Tj^^. Assuming the tree-level superpotential Q, the following 
relations hold in a supersymmetric vacuum: 

{Xp)l + d^Y, = 6iS, (7) 
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(/iX)} + S]tT^iX + u'Yj = 35}S. (8) 

The classical equations of motion are recovered by setting S to zero. 

By taking traces and substituting back into the equations, it is straight- 
forward to show that the above equations are equivalent to: 

u% = 0, i^iX)] = 6}S. (9) 

Considering first the classical vacua (i.e. = 0), we notice that (0) together 
with © implies that as soon as we turn on the u^Yi coupling, all the flat 
directions are lifted since the equations imply that X* = = Fj. On the 
other hand, if = 0, not all fiat directions are lifted, since the expectation 
values of 1^ remain unconstrained. For instance, take the following values for 
the matter fields, which satisfy the D-fiatness conditions: 



T^' = a, Tl' = h, Fi = F| = v'laP + lfep. (10) 

For the above values we have that li,l2 7^ while X* = 0, and one can 
also check that the classical equations of motion are satisfied (for z/* = and 
/z^O). 

2.1 Unbroken supersymmetry 

We now solve for ©, assuming that z/* = 0: 

xl = S{^r% (11) 

and use the above result to compute the coupling dependent piece of the 
effective superpotential by using the effective relations, valid for expectation 
values in a supersymmetric vacuum: 

^' - -air- 

By integrating the above equation, we find: 

Weff = C{S) + S log(A2 det fi) , (13) 

where C{S) is a piece of the superpotential which is independent of the 
couplings fil, and A is the holomorphic scale at high energies. 
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We can now apply the linearity principle ^2] and integrate in the effective 
fields X by subtracting the linear coupling tr^X, to obtain: 



W^jf = C{S) - 2S{1 - log - -5 log (14) 

where the procedure is obviously unaffected by the form of C{S). 

To find C{S), we use the following argument. We have to match the 
above result to the expected low-energy superpotential of the theory where 
now Wtree = 0. The invariants are expected to take on generic expectation 
values, and break entirely the gauge group. We thus expect the following 
^-dependent Veneziano-Yankielowicz-type [TS] superpotential: 



We// = ^(l-l0g^)-^l0g^. (15) 

At this point one may question the validity of introducing the gluino 
condensate S in (|15p since there is no unbroken low energy gauge group. 
However, this is a situation similar to SU{Nc) SQCD with Nf = Nc — 1 
flavors,^ where a non-perturbative superpotential is still generated by the 
instantons in the broken gauge group, and correspondingly one can introduce 
a glueball superfield S and its related Veneziano-Yankielowicz superpotential 
as explained for instance in ^3] (see also |lj). 

By matching with the above, we find: 

C(5) = 35(1- log ^). (16) 
We can thus write the complete effective superpotential (fT^ as: 

Weff = 33(1 - log-^) + 51ogdet(AV). (17) 
We will see that the coefficient of 3 is the number of vacua of the theory with 

Wtree = tlfiX . 

Minimizing (fl^j) with respect to S, we get that: 

All 

^Indeed, the total matter index, which plays the role of Nf in our case, is n = 2- i+2- 1 = 
4 = 5-1. 
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The non-perturbatively generated superpotential is thus: 



This is nothing else than the superpotential determined by Affleck, Dine and 
Seiberg [Tj using symmetry arguments. Recall that it is generated by a one- 
instanton contribution (indeed 3N — n = 11) as it should be in a theory with 
N — n = 1. For yet another alternative way to derive this superpotential, see 

Now that we have derived Wnp we can check the vacuum structure of: 

All 

W,f f = Wtree + W^p = tlflX + . (20) 

Extremizing the above with respect to X, we find: 

.rr , All fdetXV 1 , , 

VTeff Lxtr = 3- — -, with = T^n • (21) 

Note that the constraint on det X is cubic, resulting in 3 vacua. Of course 
since there is no coupling for the l^s, all these vacua are additionally labeled 
by two fiat directions. 

Another way to determine that there must be 3 vacua for z/' = is 
the following. When Wt^-ee = tr/zX the generic situation is that 1^ have 
non trivial expectation values. Then classically we can take for instance 
a configuration like (fTUI) . These background matter fields break the gauge 
group from SU{5) to SU{3). Out of the 30 matter superfields, 16 are eaten 
by the gauge bosons which become massive, while two remain massless but 
are neutral, since they parameterize the fiat directions. The remaining 12 
matter fields fit into 2 fundamental and 2 anti-fundamental representations 
of SU{3). Thus the effective gauge theory is SU{3) SQCD with Nj = 2. 
Moreover Wtree gives a tree level mass to the quarks, so that the low-energy 
theory is pure SU (3) SYM, which has 3 supersymmetric vacua. This is also 
an additional justification for the Veneziano-Yankielowicz piece in (|15p. 

Let us now briefiy comment on a slightly different route, inspired by [H]. 
We could add to the tree level superpotential a piece like Wtree = ■ ■ •+A det X, 
so that the classical equations of motion would allow for a (frozen) expec- 
tation value for X, though only when z/* = 0. The solution to the Konishi 
anomaly equations including the above higher order term would consist of 
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two branches, one which classically reduces to the origin and the other to the 
(possibly large) expectation value. This way one forces the theory to be in 
a specific vacuum where the gauge group is broken and a low-energy super- 
potential like (fT^ is expected. Then by analytic continuation one recovers 
(fTTj) . with additional terms depending on A. The vacuum structure of such 
a theory consists of 4 vacua, the 3 which exist for A = and the additional 
one with classical broken gauge symmetry, which is pushed to infinity in the 
vanishing A limit. 

2.2 Dynamical supersymmetry breaking 

Let us now finally come to supersymmetry breaking. To recapitulate the 
situation for v"^ = 0, we have seen that it is quite similar to SQCD with 
Nf < Nc'. For Wtree = 0, the non-perturbative superpotential is of runaway 
behavior (though in this case ()19|) is still fiat in the y* directions), thus 
pushing all supersymmetric vacua to infinity. When Wtree = tifiX, we re- 
cover 3 supersymmetric vacua, all being parameterized by 2 additional fiat 
directions. 

Now turning on the coupling Wtree = ^^Yi + ... we see that it immediately 
leads to supersymmetry breaking: From the classical variation ©, we learn 
that X must vanish. But from the reasoning of the previous subsection, we 
had learned that W^p is precisely singular at the origin. Now, by virtue of the 
linearity principle W^p must be independent of the couplings in Wtree, and 
is thus exact also for z^* ^ 0. The outcome is that We// has no extremum, 
and thus there is no supersymmetric vacuum in the theory. However, since 
the v'^Yi term lifts all fiat directions, while Wnp is singular at the origin, the 
potential must have a minimum at a finite value of the fields, which will be 
the non- supersymmetric vacuum of the theory 

Note in this respect that if Wtree = tr/iX + z^*l^, and the ly^s are kept 
small, we expect three minima of the potential close to the original values 
of the 3 supersymmetric vacua (without fiat directions of course), with the 
supersymmetry breaking presumably lifting the degeneracy among them. On 
the other hand, if a A det X coupling is added, we expect the 4th vacuum to 
be lifted at a much higher energy than the others since the X 7^ vacuum 
is already ruled out classically. 

We have thus established dynamical supersymmetry breaking by deriving 
through the Konishi anomaly first the non perturbative superpotential and 
then checking that an additional coupling leads to a total effective superpo- 
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tential with no supersymmetric vacua. 

An alternative way to show supersymmetry breaking still exploiting the 
Konishi anomaly would have been to use © and to show that Yi = XI = 

= in a supersymmetric vacuum. Then one could have argued as in 
that in such a vacuum the global U{1) symmetries are unbroken, and thus the 
effective fields must satisfy the 't Hooft anomaly matching conditions, which 
is possible only at the price of an extremely odd effective field content. Or in 
the spirit of [5j one could have computed a one-instanton contribution to a 
correlator involving the above invariants, and upon finding a non-zero result 
the conclusion is that, for instance, S ^ 0, which implies that supersymmetry 
is broken. 



3 SU (N) chiral gauge theories with one family 

In this section we will consider Af = 1 supersymmetric gauge theories with 
gauge group SU{N) {N > 5) with one matter field in the antisymmetric 
representation T"^ and — 4 matter fields in the anti-fundamental repre- 
sentation F^, i = 1, . . . , A — 4. The matter content is such that the gauge 
anomaly cancels. 

For all > 6, we have the following type of invariants: 

Y'^ = FiFiT''\ (22) 

which are in the antisymmetric representation of the flavor group SU{N — A). 
For even, we have an additional invariant which is the Pfaffian of the 
antisymmetric tensor: 

Z = ea^.^a^T"'"^ . . . T'^^-i'^^ = Pf T. (23) 

Note that no invariant at all can be written for the SU{5) theory with one 
family, which thus does not have any fiat direction nor the possibility to have 
a tree-level superpotential. 

The simplest tree-level superpotential is thus: 

Wtree = l^ijY'' + AZ. (24) 

Note that the second term is present only for even, and is non-renormali- 
zable for A^ > 6. 
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We can now write the Konishi anomaly relations, for the expectation 
values in a supersymmetric vacuum: 

2u,kY^^ = SjS, (25) 

iy,^Y'^ + ^XZ={N-2)S, (26) 
the second term on the left hand side of (j26|) being present only if is even. 



3.1 Odd N 

We immediately see that if is odd, the only solution is Y^^ = S* = (in 
the SU (5) case, the only solution is S" = since also the first term of Wtree 
cannot be written). 

In this case, we do not dispose of the additional X-type invariants as in 
the situation with two families, so that we cannot argue as in the previous 
section. However the situation is also clearly different: for instance in the 
SU{5) case, no invariant can be written and hence no Wnp either can be 
written. We have thus to resort to the arguments of [TJ E] and say that the 
conditions Y^^ = S = are not consistent either with a credible low-energy 
spectrum, or with one-instanton calculations. 

At this point we comment on the chiral ring of these theories. It turns out 
that its structure is very simple (somewhat like in SQCD), as it is generated 
only by the two invariants: 

S = -i^i^W"W^, and Y'^ = FIFIT''\ (27) 

(the second invariant being of course zero for SU{^).) 
To see this, consider the chiral ring relations: 

= 0, (28) 



We can construct singlets using the primitive invariants 

81, e-^--^ and e,„„,^. (29) 
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Let us first look at all the tensor structures that can be constructed with 
51 only, up to the relations (|28|). They are, in addition to the fundamental 
fields and the two invariants ()27|) : 



pai 






St 






rpab 
a 


T/f/*^ THcfo rpba 

— ac-'- a 1 




j^ab 




(30) 



It is easy to convince oneself employing (j^Hj) that no more independent struc- 
tures can be constructed by simple contraction of the indices and also that 
the tensors (jHUjl have the indicated symmetry properties. Gauge singlets 
must then be constructed by contracting the above with the e-tensors. Since 
^ai...aM^^^"'''^ is a product of S's, one can use either all e in the fundamental or 
all e in the antifundamental. Using e"i---'^jv -^jn ^lot work because of the "lack 
of indices" (recall that i = 1 . . . N — A) so the only possibility is to use eai...a]v 
which restricts the possible tensors that can be used to the two singlets in 
(|2Z|) and F"-', T"-^ (one of the fundamental fields), T^^ and 

Now recall that T"-^ has one zero eigenvalue, so that by an SU{N) trans- 
formation we can take = 0. We then use the chiral ring relations to 
show that also 

pNi ^ jaN ^ j.aN ^ q ^3^^ 

Thus no further invariants can be constructed with the e-tensor which always 
carries a. a = N index and we are left with (jTTj) as the only possibility. 
This shows that no non-trivial generalized Konishi anomaly relations can be 
constructed for these theories. 

It would be interesting to study the chiral rings for even and for theories 
with more families. Though the above argument is not applicable, we believe 
that their structure is the same, i.e. the only generators are the glueball 
superfield and the basic invariants. 

3.2 Even N 

On the other hand, when is even and A 7^ 0, the Konishi relations (|25|). 
PUj) can be solved to give: 

Y^' = \s{u~'y^, Z=j. (32) 
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This case can be solved as in the previous section (see also [B^ for SU{6)), 
finding the expected non-perturbative superpotential. In this case however, 
we have already all the invariants in Wtree, and we can check that there is 
no additional relation like Hence, there is no contradiction and all the 
supersymmetric vacua found in this way are not lifted, supersymmetry being 
unbroken. 

Let us quickly review how to derive Wnp and the number of vacua in this 
case. From ()32|). we find straightforwardly, for = 2k: 

Weff = C{S)+S\og{A''-^X) + ^S\og det z/ = C (S) + S \og{A'''^ X Pf //) . (33) 

We now proceed to integrate in the effective fields Y^^ and Z, by subtracting 
Wtree f|24p and solving (|32p for the invariants. The result is: 

c z Pf y 

Weff = C'iS) -{k- l)S{l - log-) - 5 log (34) 

where we absorbed in C'{S) a trivial term linear in S. But here we know 
what the coefficient of the 5'logS' piece should be: when Wtree = 0, the 
invariants take arbitrary values and the gauge group is maximally broken. 
By analyzing the D-fiatness conditions, one finds that the effective theory is 
always a pure 5*^(4) SYM with massless neutral fields parameterizing the fiat 
directions. Hence the overall coefficient of the Veneziano-Yankielowicz term 
in (jni|) must be 3. In turn this implies that the exact effective superpotential 
is given by: 

Weff = {k + 2)S{1 - log-^) + S\og{A^-^XViv), (35) 

and that there should he k + 2 supersymmetric vacua. 

This is confirmed if we integrate out S in after having substituted 
for C\S), to find that: 

Extremizing then Weff = Wtree + Wnp with respect to Y^^ and Z one again 
finds k + 2 solutions. Of course, if we take A = 0, we have a runaway behavior 
and no stable vacuum. 
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